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We prove an exponent bound for relative difference sets corresponding to 
symmetric nets. We discuss the case 2 = 1 which gives some restrictions on possible 
automorphism groups of projective planes. © 1994 Academic Press, Inc. 
1. INTRODUCTION 
Recently, several authors investigated the existence of (n, 2)-nets 
admitting an automorphism group acting sharply transitive on points and 
lines (Singer group). In particular, if 2 = 1, this is just the existence question 
for projective planes or order n with some quasiregular automorphism 
group, see [9]. This question seems to be interesting to applicable 
mathematicians, too, since the incidence matrix of such a plane has some 
nice "correlation" properties, see [19]. The (n, 2)-nets with 2#1 and 
abelian Singer group of rank 2 were studied under the name of "quasi- 
perfect binary arrays," see [-4]. 
A convenient way to investigate incidence structures with certain regular 
automorphism groups is the use of group algebras and some algebraic 
number theory. In Section 2 the main results are summarized which are 
needed throughout his paper. In Section 3 I give necessary conditions 
when an abelian group can be a Singer group of a symmetric (n, 2)-net 
("exponent bounds"). This generalizes the approach of Davis [6] who 
obtained these bounds only with stronger preassumptions. I give two new 
constructions of (n, 2)-nets with Singer groups (one of which is already 
contained in [5]) which show that the exponent bounds are the best 
possible. In Section 4 I specialize my results to the (in my optinion) most 
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interesting case of projective planes of order n with collineation groups of 
order  n 2. A systematic onsideration of hese planes is in [8]. Recent 
progress was made in [13, 14, 22] where it was shown that these planes 
must be,Desarguesian if the order is a prime p. Further, in [11] it 
was proved that the order n of a plane with 2n x Zn as a quasiregular 
collineation group (acting in some specified manner) must be a square-free 
number. I show how the results of Section 3 can be used to strengthen the 
main result in [ 11 ]. Furthermore, I discuss the difficulties that occur if one 
tries to show that only the elementary abelian group of order p4 can be an 
Abelian Singer group of a plane of order p< This seems to be a first step 
in extending the result about planes of order p in [13, 14, 22] to prime 
powers q. 
2. ALGEBRAIC PRELIMINARIES 
Let G be an abelian group of order v and exponent v*. We denote by 
KG the group ring or group algebra over the ring or field K. Consider an 
element A = Z ag, g ~ KG. We define A(')= Z ag g' for every integer t. A 
character )~ is a group homomorphism from G into the multiplicative group 
K* of a field. If K contains a primitive v*th root of unity then there are 
exactly v distinct characters. The characters form a group G isomorphic 
with G. The identity element of (~ is the principal character )~o that 
maps every group element to l sK .  We can extend characters to 
homomorphisms from KG into K by linearity. We work in the field 
K= Q(~), where < is a v*th root of unity in {2. Then the values z(A) are 
algebraic integers in the cyclotomic field Q(~). When we say mix(A)  we 
mean divisibility in this ring. With (x(A)) we denote the ideal generated by 
7~(A) in the ring of algebraic integers of Q(~). 
The following result goes back to Turyn [24, Theorem 6]. He stated it 
only for elements in the group ring with 0/1-coefficients: 
RESULT 2.1. Let G x H be an abelian group where G is cyclic of  order V l 
and H is o f  order v2. Let I2I be the character group of  H and X1 a generator 
for the character group G. We assume A ~ 2(G x H) with m lz1)~(A)for all 
characters )~ ~ 121, where m is an integer. I f  (m, v j  = 1 and )~1 Z2 (A)# Of  or at 
least one character Z2 ~ I2I, then 
m~<2 r ~max{ag}. 
Here r is the number of  distinct prime divisors of  v 1. I f  v 1 = 1 then 
m ~< max{au} (in this case the divisibility condition m I ;gl)~(A) must hold for 
non-trivial characters X only). 
582a/65/2-3 
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What can we say about the condition m P X~x(A)? The following result 
gives a sufficient condition and it is also contained in [24, remarks after 
Lemma 3 ]: 
RESULT 2.2. Let G be an abelian group of order v and Z a character of 
G of order t. I fm 2 I z(A) x(A), then m I )~(A) provided that (x(A)) = (z(A)). 
This is the case if A • g = A {- a) or if for each prime divisor p of m and q of 
t (p v ~ q) there exists an integer f such that pf=- - 1 mod q (we say that m 
is self-conjugate modulo t). 
For proofs of Results 2.1 and 2.2 we refer the reader to the original paper 
of Turyn [24] or Lander [20, Sect. 4.7]. However, we warn the reader that 
Lemma 4.37 in [20] contains a mistake. Even if Zo(S)# 0 it is possible that 
(using Lander's notation) all coefficients of O(s) are 0 (take, for instance, 
the group G itself). 
Another related result is the following: 
RESULT 2.3. Let G be an abelian group with a cyclic Sylow p-subgroup 
of order pt. I f  z(A) - 0 mod pr for all non-principal charaters of G, then we 
have A=prX+ pY, where X, Y~Y_G, IPI =p,  P<. G. 
This is Lemma 3.2.3 in [21]. Using Result 2.2 we immediately get 
COROLLARY 2.4. Let G = P x Q be an abelian group, where P is cyclic of 
order p' and p is relatively prime to JQI (p prime). I f  p is self-conjugate 
modulo the exponent of Q then for every element A ~ YG with p2r J Z(A) z(A) 
we have A =prX+ P 'Y  for some X, YEY_G, IP'J =p,  P' <~G. 
This is Proposition 4.29 in Lander's book [20]. 
Now we come to difference sets and what they have to do with group 
algebras. A divisible (m, n, k, 21, ,~2)-difference set D is a k-subset of a 
group G of order mn. The group contains a normal subgroup N of order 
n. The list of differences d-d '  with d#d' ,  d, d '~D, covers every group 
element in N\{0} exactly 21 times and the elements outside N precisely 22 
times. Therefore the subgroup N is sometimes called the exceptional sub- 
group. One can show that the list of "differences" -d+ d' has the same 
property, see [17]. These divisible difference sets are the same objects as 
group divisible designs with parameters (m, n, k, 21,22) admitting a certain 
automorphism group G: The group G acts sharply transitive on points and 
lines and each group element which fixes one point class fixes all point 
classes. A group acting in this way is called a Singer group (since Singer 
[23] was the first who studied difference sets corresponding to the 
point-hyperplane d signs of projective spaces). From now on we consider 
only abelian groups. The following cases are of particular interest: If 21 = 0 
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we speak of a relative (m, n, k, 2)-difference set: No element #0 of N has 
a difference representation with elements from D, therefore N is called the 
forbidden subgroup. If furthermore k 2 -  22mn = 0 the parameters can be 
rewritten as (n2, n, n2, 0, 2). The corresponding design is a symmetric 
(n, 2)-net. Nets belong to semiregular group divisible designs in the 
classification of Bose and Connor [-2]. If n = 1 the divisible difference set 
is a difference set in the usual sense. Then we call the parameters (v, k, 2), 
where v = m and 22 = 2 (the parameter 21 is superfluous in this case). The 
order of the difference set is k -2 .  
We can identify any subset D of G with the element Y~g~D g in the group 
algebra KG. Then D is a divisible difference set with respect o N if and 
only if the element D e KG satisfies the equation 
D .D( -1 )= (k -  ZI)+ )o2(G- N)+ 21N. 
Thus we can compute the character values 
t k if Z=Zo z(D) .z (D ( 1))= k -21  if Z]NCXo 
(k2=22mn if ~IN~- - -Z0  , 
Let U be a subgroup of G. If we apply the canonical epimorphism from 
G onto G/U we obtain an element b (not necessarily with 0/1-coefficients) 
satisfying 
/5 .~(  1 ) :  (k -21)+ Z2. [UI - (G/U)+ (21 --~L2)' IU~NI .N/(Uc~N). 
In the case that 21=0 and UcN the element /5 has 0/1 coefficients 
(otherwise there would be a coset of U and therefore of N containing two 
elements of D contradicting 21=0). For arbitrary U (but 21=0) the 
coefficients o f / )  are bounded by l UI/I U(~ N[ since every coset of Uc~ N in 
U contains at most one element of 15. 
Combining 2.1 and 2.2 yields an interesting result for difference sets D 
with multiplier -1 ;  i.e., difference sets satisfying D( - I )=  D. It is well known 
that n = m 2 in this case. Let us assume that G has a Sylow p-subgroup of 
order p* and exponent p'. Let U be a complement (in the Sylow p-subgroup) 
of a cyclic subgroup of order p'. We consider/5 (projection of D from ZG 
onto ZG/U). The element /5 has coefficients ag~p s-', hence pi lpS ' 
where pi is the largest power of p dividing m. Let us state this in the following 
theorem (where pi I[ x means p* divides x but pi+l does not). 
THEOREM 2.5. Let D be a difference set of order n = m 2 in G admitting 
- 1 as a multiplier. I f  pi 11 m, pi+e [[ v for some prime p then the Sylow 
p-subgroup of G has exponent at most pL 
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It is quite amazing that this result, even though the techniques required 
for the proof were available in 1965, was never stated explicitly until it was 
announced by Hughes, van Lint, and Wilson at the British Combinatorial 
Conference in 1980; see [1]. Theorem 2.5 is now an exercise in Lander's 
book [20] and it is implictly contained in the work of Ma as well as 
in that of Bridges and Mena on strongly regular graphs with a sharply 
transitive group, see [3, 21]. In some disguised form it is already in [25]. 
3. SYMMETRIC (n, 2)-NETS WITH SINGER GROUP 
It was first noted by Hoffman [16] that there are no cyclic relative 
(n, n, n, 1)-difference sets. The same argument was used by Elliot and 
Butson [10] to exclude the existence of cyclic relative (n2, n, n2,2)- 
difference sets. It is possible to say even more. 
THEOREM 3.1. Let D be an abelian relative (•2, n, n2, 2)-difference set in 
G with respect o N. Let g be an element not in N. Then the following holds: 
(i) if n is odd or n and 2 are both even or the Sylow 2-subgroup of N 
is not cyclic then the order of g divides n2; 
(ii) if n is even, 2 odd, and the Sylow 2-subgroup of N is cyelic then 
the order of g divides 2n2. 
Proof We take an element g ¢ N and consider the coset g + N. Every 
element in this coset has exactly 2 representations a  a difference with 
elements from D. If we sum all these differences we get 
Y g. (*) 
gEN 
(Note that here we write the group additively and we do not use group ring 
notation, hence the sum in the expression above is not a formal sum.) The 
second term is 0 if n is odd or n and 2 are both even or the Sylow 2-sub- 
group of N is not cyclic (note: Zg~ U g is an involution if n is even). On the 
other hand, for every element de  (x + N)r~ D there is exactly one element 
d '~( -g+x+N)  r~D such that d -d 'Eg+N.  This shows that every 
element f e D occurs exactly twice in the list of differences d-  d' yielding 
elements in g+ N: once f and once its negative - f  Hence the sum in (*) 
must be 0. This proves the theorem. 
We note that there is a rather trivial example for case (ii) if 2 = 1 and 
n =2,  where the order of an element g~N is 2n2 (see also Section 4): 
D= {0, 1} ~Z4.  
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COROLLARY 3.2 (lst Exponent Bound). Let D be an abelian relative 
(pi+j, pi, pi+j, pJ)-difference set in G with respect o N. I f  p e is the exponent 
of G then 
e<~i+j or p=2,  i= l , j=O,e=2.  
Now we apply our Results 2.1-2.4 to symmetric nets with Singer group. 
THEOREM 3.3. Let D be a relative (n2, n, n2, 2)-difference set in G with 
respect o N. I f  p21n and G/U is a cyclic p-group then pl2" ]Uc~N[. 
Proof We consider the image/3 under the canonical epimorphism from 
G onto G/U. The values 7~(D);~(D (1))  (X:AT~o) are 0 and 2n, hence they 
are -0 rood  p2. Then 7~( /5) -0modp for all characters of G/U. Using 
Result 2.3 we can write/5 in the form/3 = pX+ PY  for some elements X, Y 
in the group ring Y_(G/U) (here P is the subgroup of order p in G/U). Since 
/5 . /5~- l )=2n+2.1U i  .G /U-2 . [Uc~Ni  .N/(Uc~N) we conclude that p 
divides 2- I U c~ N[. 
We note that this theorem and its proof are quite analogous to the proof 
in [12] for the case 2 = 1. We discuss this case in more detail in the next 
section. 
Now we apply Result 2.1 together with 2.2 to relative (n2, n, n2, 2)- 
difference sets. First, we state the most general statement which we can 
derive and then specialize it to obtain more interesting theorems. 
THEOREM 3.4. Let D be an abelian relative (n2, n, n2, 2)-difference set in 
G with respect o N, and let U be a subgroup of G with N not contained in 
U. We assume the following: 
(i) G/U has a cyclic subgroup Q of order Vl and index v2; 
(ii) mZln2 and m is self-conjugate modulo the exponent of G/U ; 
(iii) (m, v2)= 1. 
Then m <, 2 r 1. IUB/IU c~ N[, where r is the number of distinct prime divisors 
OU Vl. 
Proof The proof is an application of Result 2.1: Note that the 
coefficients of the projection of D into G/U are bounded by I UI/I Uc~ N[. 
COROLLARY 3.5 (2nd Exponent Bound). I f  R is an abel&n relative 
(pi+j, pi, pi+j, y)-difference set in G with respect o N, then the exponent pe 
of G satisfies 
e ~ 2i + j--[_(i + j)/2_]. 
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Proof We use the notation of Theorem 3.3: Take U such that G/U 
is a cyclic group of order pC, hence vi =pe and v2=l .  We choose 
m = pL(i+j)/zJ and get pL(i+j)/2j<~ p2i+j-e. We note that it is always possible 
to choose U such that N is not contained in U: Consider a basis a~ ..... as 
of G with o(a~)=p ~', e l>/e2)  ... >/e s. Let b=bl .b2 . . . . .  bs (bee(a~)) 
be an element of N with bk¢  1 for some k. Then the kernel of the 
homomorphism 
(pl : al ---~ x 
ak ~ x, (t= pe~ ok) 
at~l  if l~ l ,k  
or 
(D2 : al ----~ x 
az~l  if 1~1 
does not contain N (here x generates a cyclic group of order pe,) where we 
choose q~ if al = 1, and q)2 otherwise. 
We can even strengthen Corollary 3.5: 
COROLLARY 3.6. Let D be an abelian relative (pi+j, pi, pi+j, pQ_ 
difference set in G with respect o N then the exponent pe o f  G satisfies 
pe <~ pF(i+j)/27 exp N. 
Proof Let us choose the element b in the proof of Corollary 3.5 to be 
an element of maximal order exp N in N. Let us assume that bk has order 
expN and we choose k minimal with this property. Then the 
homomorphism ~01 or ~o 2 (depending on whether k ¢ 1 or = 1) restricted to 
N maps N onto a cyclic group of order exp N, hence INI/I Uc~ NI = exp N 
and I UI/I Un  NI = pi+j-e exp N where U is the kernel of q~. 
This exponent bound was first mentioned in I-5] for the case i+ j  
even. A proof is contained in 1-6] but again only for the i+ j  even case. It 
is basically the same as the proof presented here: One chooses a character 
of maximal possible order non-principal on the subgroup N. If the order of 
this character is large, i.e., the order of its kernel is small, then a bound for 
the character values can be derived from Turyn's results. I mention that at 
first I only obtained Corollary 3.5. Then I became aware of Davis' paper 
1-6] where he obtained 3.6 (for the case i+ j  even). Only after reading his 
preprint did I obtain the stronger version of 3.6 stated above. My proof has 
the advantage of showing that it is sometimes possible to obtain stronger 
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bounds than in 3.6: The case IUI/lUc~Nl=pi+J-e.expN is the worst 
thing that can happen. 
Davis' paper [5] also contains ome constructions for relative difference 
sets. I describe only one of these (Construction I) which is of interest in 
view of my exponent bounds. The description is given in a more geometric 
language than in the original paper. This yields a generalization for groups 
of order pm with m even (Construction II). One can relax the condition 
that G must be abelian slightly (it is for instance nough to assume that V 
is a normal subgroup containing G' (the commutator subgroup)). 
Construction I 
Let V--GF(q) n and G be an abelian group containing V. Let IG/VI = 
qn 1, and H 1 ..... Hq, l are the hyperplanes (i.e., (n-1)-dimensional 
subspaces of V) not containing some specified one-dimensional subspace L. 
Then 1,)giHi (or Y', giHi in group ring notation) is a relative (q2n-2, 
q, q2n-2, q2n-3)_difference s t with respect o L (the gi's are distinct repre- 
sentatives of the cosets G/V). It is straightforward to check that this con- 
struction produces a difference set with the desired parameters. 
Construction H
Let q = p' (p prime), V= GF(q) n, and L be a one-dimensional subspace 
of V. Let H1 ..... Ha,-1 be the hyperplanes not containing L. Let V' be a 
group isomorphic with EA(q n-l) x H and 0: V~ V' be an embedding 
such that O(L)c~H=O(L). Here H ~ (7/4)s is q is even and H~-EA(q 2) if 
q is odd. Now we assume that G is a group of order q2n containing V'. 
Choose a relative (q, q, q, 1)-difference set {ri} in H with respect o L (this 
is always possible; see Section 4). We denote the coset representatives of 
G/V' by gl, ..., g,-l. Then Y~i,s (Hi+ rj)+ gi is a relative (q2,,-i, q, q2,-1, 
q2n 2)_difference set. 
To see this we compute 
Y~ (H, + rj) + g,. y~ (H i -  r )  - g, 
i, j i,j 
=qn 1.[  y, qn-2.E(V+(rj_r j ,))q_g ] 
g v a 0 j ,  j '  
gEG/V' 
q-q" 1.[~i ~ (Hi+(rj--rf)) ]. 
j, i, 
Since the t)'s form a relative difference set the list of differences r s -  r; 
represents every coset of V'/V exactly q times, which gives qZn 2. 
210 ALEXANDER POTT 
Zg#0 (V '+ g) from the first term in the above expression. The second term 
gives 
qn 1.E  E (Hi+x)+q"-l"Eq'Hi, 
i x6L i 
since the element 0 has q representations a a difference r j - r j ,  and x ¢ L 
has only one representation. Since every element in V ' \V  is contained in 
exactly qn-1 cosets He+x the sum reduces to qZn-2V'\VWq2n-zV\L. 
This is the desired result. 
If q is a prime p the exponent of G in Construction I is at most p", and 
in Construction II at most p" if p is odd and it is 2 n +1 if p = 2. This shows 
that, for i=  1, our 2nd exponent bound is best possible for groups of size 
pX for x even (and p = 2) and x odd (Davis obtained this result only for 
the n odd case [6]). 
Our second exponent bound is stronger if and only if i~<j. In contrast 
to the case of (4u 2, 2U 2 __. U, U 2 -}- u)-difference sets (where similar exponent 
bounds are valid) we cannot expect that our bounds give also sufficient 
conditions for the existence of an (n, 2)-net with Singer group. As we point 
out in the next section the existence question for (n, 1)-nets with n even is 
completely settled, however 3.2 and 3.5 would theoretically allow further 
Singer groups. 
4. PROJECTIVE PLANES WITH SINGER GROUPS 
Let H be a projective plane of order n. We assume that H admits an 
abelian automorphism group G. Then [G[ ~<n 2+n + 1; see [7], for 
instance. Dembowski and Piper [9] described those planes where 
]GI )(n2+n+l)/2. We consider case (b) of their classification: G has 
order  rt 2 and it fixes some line I and a point P on/. Further, G acts sharply 
transitive on the remaining points outside l and the lines not through P. 
The stabilizer of a point on l (different from P) has order n and we call it 
N. This N fixes the lines through P and all the points on/.  In other words, 
N is the group of all possible (P, /)-elations. We can also think of this 
situation as follows: Delete the point P and the line I together with all lines 
through P and delete the points on l from the plane. We obtain an (n, 1 )-net 
admitting a Singer group. Thus there is a subset D of G satisfying 
D.D(-1)=n+G-N. 
The only known examples of such difference sets exist in elementary- 
abelian p-groups (p odd) and (Z4) m if p = 2. Such a plane (with abelian G) 
exists for each translation plane which can be coordinatized by a 
commutative quasifield. 
It is widely conjectured that the order n of a projective plane has to be 
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a prime power. Besides the Bruck-Ryser theorem (see [1]), not many 
restrictions on n are known. As one might expect, the situation changes if 
we have a group acting on the plane. Some results are known for planes 
of order n admitting a group N of (P, /)-elations with IN] = n and these 
immediately give non-existence r sults for relative (n, n, n, 1)-difference sets. 
Some of these results are so strong that they cannot be improved under the 
assumption that the plane has a Singer group G as described above. We 
refer the reader to [20, (Section 3 on automorphism groups of symmetric 
designs)] for a survey of these results. Let us mention only the following: 
RESULT 4.1. Let H be a projective plane of odd order n admitting a 
group N of (P, l)-elations with INI =n. I f  there is a prime p such that 
pJ= - 1 mod q for some prime divisor q of n then p cannot divide the square- 
free part of n. 
The following theorems, however, are stronger. 
THEOREM 4.2 (Ganley, Jungnickel [12, 18]). Let D be an abelian 
relative (n, n, n, 1 )-difference set in G with n even. Then n is a power of 2 and 
G ~- 7 4 X 7/4 )< . ' '  )< 7/4"  The exceptional subgroup is the elementary-abelian 
2- group contained in G. 
THEOREM 4.3 (Gluck, Hiramine, R6nyai and Sz6nyi [13, 14, 22]). Let 
D be a relative (p, p, p, 1)-difference set in G. Then G~-7/p x 7/p and the 
corresponding projective plane is Desarguesian. 
Note that it follows already from our Result 3.1 that G cannot be cyclic 
(unless n=2) .  This was first observed by Hoffman [16]. It is the first 
example of a non-existence result for (n, n, n, 1)-difference sets which 
depends on the structure of G. It settles the case of Abelian groups of 
rank 1. So it seems natural to consider the case of rank 2. Theorem 3.1 
shows that the elements outside N have order dividing n (in view of 
Result 4.2 only the case n odd is of interest). Thus an abelian group of 
rank 2 admitting an (n, n, n, 1)-difference set must be 7/,, x 7/,,. But then n 
has to be a square-free number in view of Theorem 3.3. Let us summarize 
this in 
THEOREM 4.4. An abelian group G of rank 2 admits an (n, n, n, 1)- 
difference set only if G ~ 27,, x 7/,, and if N~-Z,,, then n is a square-free 
number. 
We note that there are more restrictions on n. Most of them follow from 
Result 4.1. 
Quite recently Hiramine [15] proved the following Theorem (he used 
different notation): 
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THEOREM 4.5. Let D be an abelian relative (n, n, n, 1)-difference set in G 
with respect o N. 
1. Let p be an odd prin~e and let S be a Sylow p-subgroup of G. I f  G/N 
has a cyclic Sylow p-subgroup then S ~ N is a direct factor of S. 
2. I f  n odd and n is the product of distinct primes then G ~- Y-n × Z,. 
Proof These two results also follow from Section 3: Let pi I[ n. Choose 
an element g E S such that gN has order pi in G/N, thus gP' E N. If gpl :fi 1 
there would be an element outside N of order not dividing n contradicting 
Theorem 3.1 (note that we may assume that n is odd in view of 4.2). The 
second statement is simply 4.4. 
Another interesting case is the case of relative difference sets of order p2. 
In view of our previous results there are only three possible groups (dif- 
ferent from EA(p4)): 
(i) G_~_p2X~_p2, N'~ZpX~_p; 
(ii) G'~Zp2X~pXZp, N'~ZpXZp, G/N~Zp2; 
(iii) a~p2×ZpXZp, N~7fpXZp, G/N'~ZpXgp. 
It seems difficult to exclude any of these cases. To exclude the existence of 
a difference set one usually considers the image of the difference set under 
some group epimorphism (so called difference lists) and tries to prove 
that the difference list cannot exist (which shows the nonexistence of the 
difference set). The problem with the three cases above is that the putative 
difference sets yield (in most cases) difference lists which do exist. If we 
project G onto G/U (UcN)  the image of D is a relative (p2, p, p2, p)_ 
difference set. But every non-cyclic group of order p3 admits such a 
difference set: 
THEOREM 4.6, An abelian non-cyclic group of order p3 admits a 
(pC, p, p2, p)-difference set. 
Proof The exceptional subgroup N is a subgroup of order p. Since G 
is not cyclic there is another subgroup H of G of order p. Using 
HxN~-GF(p)  2 in Construction I yields the desired result (note that in 
Construction I we did not claim that V must be a direct factor of G). 
In cases (ii) and (iii), we can factor a subgroup of order p not contained 
in N to obtain an e lement/ )  in G = Zp2 x Zp satisfying D . / )  ( -1)= p2+ p.  
G-N ,  where N-  ~ Zp x 77p. Up to now I could neither exclude nor prove 
the existence of such a difference list. There are severe restrictions that /) 
has to satisfy so one should be able to decide whether the difference list can 
exist or not. 
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Note added in proof Improvements of the exponent bounds in this paper are contained in 
S. L. Ma and A. Pott, Relative difference sets, planar functions and generalized Hadamard 
matrices (submitted), where we have proved, in particular, the non-existence of relative 
difference sets in groups of order p4 mentioned in Section 4. 
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